In this paper, we present the sharp bounds of the ratios 
Introduction
hold for all a, b >  and a = b with the best possible parameters , /, log / log π , and /. In [-], the authors proved that the double inequalities
hold for all a, b >  and a = b if and only
Very recently, Yang and Chu [] presented that p =  log /( +  log  -π) and q = / are the best possible parameters such that the double inequality
be, respectively, the fourth-order logarithmic and second-order first Seiffert means of a and b. NS(a, b) , and B(a, b). Therefore, it is natural to ask what are the size relationships among these means? The main purpose of this paper is to answer this question.
Lemmas
In order to prove our main results we need several lemmas, which we present in this section. . Then there exists t m+ ∈ (, ∞) such that P(t m+ ) = , P(t) <  for t ∈ (, t m+ ) and P(t) >  for t ∈ (t m+ , ∞).
Then we clearly see that
for n ≥ . Therefore, Lemma . follows easily from (.), (.), and (.).
Lemma . Let t >  and
Then there exists a unique t  ∈ (, ∞) such that g  (t) <  for t ∈ (, t  ), g  (t  ) = , and g  (t) >  for t ∈ (t  , ∞).
Proof It follows from (.) that
where
Making use of power series formulas, (.) gives
where v n is defined by (.). Note that
From Lemma ., (.), (.), and (.) we know that there exists t  ∈ (, ∞) such that g  (t) is strictly decreasing on (, t  ] and strictly increasing on [t  , ∞).
Therefore, Lemma . follows easily from (.) and the piecewise monotonicity of g  (t).
Lemma . The inequality
Proof Simple computations lead to
It follows from (.), (.), (.), and (.) that
Inequalities (.)-(.) imply that the sequence {ω n } is strictly decreasing for n ≥ , lim n→∞ ω n =  and
n- ω n is a Leibniz series. Therefore, Lemma . follows from (.), (.), and (.).
Lemma . The inequality
hold for all t ∈ (, ∞).
Proof Let x = arcsin(tanh(t)) ∈ (, π/) and
Therefore, Lemma . follows easily from (.)-(.) and Lemma .. 
Main results

Theorem . The double inequality
where g  (t) is defined by (.).
It follows from Lemma . and (.) that there exists a unique t  ∈ (, ∞) such that g  (t  ) = , g(t) is strictly decreasing on (, t  ] and strictly increasing on [t  , ∞).
Therefore, Theorem . follows from (.)-(.) and the piecewise monotonicity of g(t). 
Theorem . The double inequality
Then simple computations lead to
It follows from Lemma . and (.) that h(t) is strictly increasing on (, ∞). Therefore, Theorem . follows easily from (.)-(.) and the monotonicity of h(t).
It follows from Lemma . that
Equations (.), (.), and (.) together with inequality (.) lead to the conclusion that the inequality
holds for all a, b >  with a = b. 
Theorem . The double inequality
From (.)-(.) we clearly see that h  (t) is strictly increasing on (, ∞). Therefore, Theorem . follows from (.)-(.) and the monotonicity of h  (t).
Remark . From the proof of Theorem . we know that
which is equivalent to
Equations (.), (.), and (.) together with inequality (.) lead to the conclusion that the inequality
